
 
 

 

  

Abstract—In this paper, we propose an entropy penalized 
approach to address the problem of learning the parameters of 
Gaussian mixture models (GMMs) with components of small 
weights. In addition, since the method is based on minimum 
message length (MML) criterion, it can also determine the 
number of components of the mixture model. The simulation 
results demonstrate that our method outperform several other 
state-of-art model selection algorithms especially for the 
mixtures with components of very different weights. 

I. INTRODUCTION 
S a flexible and powerful statistical tool, finite mixture 
models, in particular Gaussian mixture models (GMMs) 
[1] have been extensively studied and used in the various 

domains such as pattern recognition, image analysis, 
computer version due to their computational tractability, ease 
to implement, and capability of representing arbitrarily 
complex probability density function with high accuracy. The 
general approach to the parameter estimation in mixture 
models is expectation-maximization (EM) algorithm [2], 
which converges to a maximum likelihood of mixture 
parameters and is easy to programming. However, the EM 
algorithm suffers two well-known difficulties: it may 
converge to local maxima of the log-likelihood function and 
thus be sensitive to initial conditions. On the other hand, the 
number of the components of mixture models (model order) 
is assumed to be known beforehand, but this prior knowledge 
is not usually available for many practical applications. 

For the first problem, some techniques have been proposed 
along two lines. The first one focus on finding a good 
initialization of the parameters in mixture models to avoid the 
local maxima. The most straightforward approach is to re-run 
EM algorithm numerous times with different initialized 
parameters and select the model with maximum likelihood. 
However, the computation of this procedure is usually 
laborious. Some improved approaches based on the output of 
classification EM [3] or moment estimation [4] have also 
been proposed to choose the initial values for EM algorithm. 
A comparison study of some initialization methods for EM 
algorithm can be found in [5]. The other approach to alleviate 
the local optima problem is to modify learning process of the 
EM algorithm. (e.g., [6], [7]).  

Another limitation of maximum likelihood by EM is that it 
cannot automatically select the appropriate number of 
components for mixture models, since the value of likelihood 
function will always increase when a new component is 
added. One choice for model selection is the Bayesian method 
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which introduces the prior distributions over the number of 
the components and parameters of each component in 
mixtures. One drawback of this method is the intractable 
integration. A common approach to handle this problem is the 
Markov chain Monte Carlo (MCMC) based technique [24], 
which is, however, computational demanding. Alternatively, 
the use of variational approximation has been proposed to 
maximize the marginal likelihood of the data so that the 
values of the mixing coefficients can be optimized [12], [25]. 

Another approach to choose the model order is to formulate 
a cost function based on complexity criteria, usually in the 
form of a likelihood term plus penalty term to control the 
complexity of the models (i.e., the number of the 
components), such as the Akaike information criterion (AIC) 
[8], Bayesian information criterion (BIC) [9], the minimum 
message length (MML) [10], [11], integrated classification 
criterion (ICL) [21]. Some criteria based on entropy penalized 
likelihood have also been proposed. In [22], the likelihood is 
regularized by the Shannon entropy of mixture coefficients so 
that the model complexity can be controlled. The regularized 
EM (REM) algorithm is proposed in [23], which penalizes the 
likelihood function with the mutual information between the 
missing data and the incomplete data. The motivation of this 
method is to reduce the uncertainty of missing data. Therefore, 
the REM can also determine the model order since the 
simpler model will reduce the uncertainty. Similarly, by 
introducing a regularized term defined as the entropy of 
posterior probability, entropy regularized likelihood (ERL) is 
proposed in [16] to balance the data fitting and the model 
complexity. 

Given a cost function, the most straightforward approach to 
select the number of the components is to repeat EM 
algorithm for mixture models with different order and the best 
model is obtained by comparing the cost function. However, 
this method is too computationally demanding, and also 
suffers from the local optimum problem. To handle this 
problem, one common approach is to integrate fitting data and 
model selection simultaneously rather than successively, and 
one advantage of this strategy is that it can also alleviate the 
sensitivity to the initial condition. This is mainly because of 
the gradual optimization procedure by adding or killing the 
components. In general, this learning strategy can be further 
divided into two subcategories: the incremental (bottom-up) 
method (e.g., [12] – [15]), and the decremental (top-down) 
method (e.g. [11], [16], [17]). Compared with top-down 
method, one shortcoming of incremental algorithm is that 
there is no consensus on the choice of appropriate split 
criteria, nor comprehensive theoretical analysis of different 
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split criteria. More important, the split of one component into 
two components is an ill-posed problem. Although some 
methods have been introduced, how to split the components is 
still an open problem. 

Based on the considerations discussed above, we prefer the 
top-down methods to develop the learning algorithm for 
simultaneously estimate the parameter of mixture models and 
determining the number of components. Among the proposed 
algorithms, one elegant and interesting approach is developed 
in [11], where the estimation and model selection is integrated 
based on a MML-like criterion. On the other hand, optimizing 
the proposed criterion, from Bayesian point of view, can be 
also regarded as searching for the maximum a posteriori 
(MAP) solution of the parameters, in which the Dirichlet prior 
is imposed on the mixing coefficients. In addition, this 
approach has been proved very effective, but there are still 
two problems: the learning procedure is repeated until only 
one component left, then the model with smallest value of 
MML criterion is selected as the output of the algorithm. If 
the number of the component is too large, this algorithm is 
relative inefficient. More important, since the component 
with smallest weight is annihilated compulsively, a 
component which is already well adjusted to a subset of data 
produced by a low weight may get forced to zero, instead of 
an unnecessary heavier component almost overlapping 
another one [11]. Actually, most of existing methods also 
suffers from the latter problem (i.e., they cannot detect the 
components of small weights), and this can be viewed as the 
third problem of learning GMMs. 

To overcome these drawbacks, we propose an entropy 
penalized learning algorithm, which has the following 
advantages: 1) The proposed method is able to 
simultaneously learn the parameter of GMMs and perform the 
model selection. 2) Compared with proposed algorithm in 
[11], the number of iteration in the learning procedure is 
reduced significantly, and the futile operation is also avoided. 
3) Our algorithm can also handle small subsets of data. 

The reminder of this paper is organized as follows. In 
Section II, we briefly review the EM algorithm for mixture 
model and MML criterion. The details of the proposed 
method are presented in Section III, and experimental results 
are reported in Section IV. Finally, some discussions and 
conclusions are provided in Section V. 

I. LEARNING THE MIXTURE MODELS AND MML 
Suppose we have a data set 1{ ,..., },N=X x x consisting of N 

independent identical distributed (i.i.d.) observations of a 
random d-dimensional variable x . If it follows a 
K-component finite mixture distribution, its probability 
density function (pdf) can be given by 
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where kπ is the mixing coefficient, and kθ is the set of 
parameters for the kth component. 

Define 1 1{ ,..., , ,..., }K Kπ π≡Θ θ θ as the complete set of the 
parameters needed to specify the mixture model. The optimal 
set of the parameters is usually estimated by maximizing the 

log-likelihood of the pdf 
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It is well known that the maximum likelihood estimation 
cannot be obtained in a closed form. Hence, we need to resort 
the optimization techniques, and one common choice is the 
EM algorithm, which generates a sequence of the estimation 
of the set of the parameters by alternately applying the E-step 
and M-step until convergence. 

However, the solution of the objective function (2) 
estimated by EM algorithm cannot determine the number of 
components. To overcome this problem, one common 
approach is to formulate a criterion which balances the data 
fitting and model complexity. In [11], a criterion based on the 
approximation of MML is developed 
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where M is the number of the parameters specifying each 
component, Knz is the number of components with non-zero 
probability; see [11] for more details in derivation of the 
criterion. 

II. ALGORITHM DESCRIPTION 

A. Entropy Penalized Based Learning Approach 
Based on the MML-like criterion and the constraints in (1), 

the update equations for means and covariance matrices are 
the same as the conventional EM algorithm, and the update of 
the mixing coefficients in the EM algorithm is given by [11] 
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Since the component annihilation in (4) does not take into 
account the additional decrease in ( ),L Θ X caused by the 
decrease in Knz, the component with smallest weight needs to 
be forced to zero during the learning procedure. In other 
words, most of the components are eliminated compulsively 
rather than removed by (4), which leads to the failure of 
fitting the data with small subset. In addition, the learning 
procedure is repeated until only one component left, which is 
relative inefficient if the number of components is large. 

To overcome these drawbacks, we consider the following 
objective function: 
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where k k kπ α π= , 0 1kα≤ ≤ , and ( )log |p X Θ is given by  
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As will be shown in the later experiments, the introducing 
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of { }kα can not only avoid the futile operation, but also 
circumvent the problem of premature annihilation. 

B. Interpretation 
If (6) is a log-likelihood function, we should constrain 

1
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0kπ > , which gives the trivial solution for { }kα . Hence, we 

do not impose the constraint
1
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π
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justified by introducing an auxiliary component ( )1| kp +x θ  

such that ( )1| ,   1,...,n kp n Nε+ ≤ ∀ =x θ , with ε an arbitrarily 
small value, and the corresponding mixing coefficient is 1Kπ +  

such that 1

1
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=
=∑ [17]. 

Suppose that ( )1| kp +x θ generates N’ samples, then the 
criterion is  
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Clearly, ( )log ' |p X Θ is the log-likelihood function, and 

the only difference between ( )log |p X Θ and ( )log ' |p X Θ  

is the term ( )'
1 11

log |N N
K n Kn N

pπ+
+ += +∑ x θ , which is independent 

of ,   1,...,k k Kπ ∀ = . Accordingly, optimizing (8) via the 
EM, we obtain the similar formulation for means and 
covariance matrices, except the mixing coefficients, which is 
given by 
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Obviously, the estimation of the parameters (the means and 
the covariance matrices) of mixture model will not be 
affected by the additional component, and the only 

modification is given by  

,    1,...,
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N k K
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which provides a trivial solution for kα (i.e., ,
'k

N
N N

α =
+

 

1,..., )k K∀ = . 
To avoid the trivial solution, ignoring the N’ samples 

generated by the auxiliary component, we now consider the 
problem in another way by imposing the following penalized 
term on { }kα : 
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which represent the uncertainty of { }.kα H yields the 
maximum value when 1/ 2,   1,..., .k k Kα = ∀ = On the 
contrary, H decreases when { }kα are forced to be zeros or 
ones.  

Finally, with the binary entropy function as the penalized 
term, we have the following objective function  
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with k k kπ α π= , 0 1kα≤ ≤ , 0 1kπ≤ ≤ , and 
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where β is the penalty factor which is determined by 
experience. 

C. The Complete Entropy Penalized EM Algorithm 
Given the objective function (14), the parameters can be 

updated via a modified version of component-wise EM 
(CEM2) [11], [18]. The description of the proposed entropy 
penalized EM algorithm can be summarized in Fig. 1. 

Compared with the algorithm in [11], it can be observed 
that the equations for mixing coefficients, means, and 
covariance matrices in our algorithm are similar with the 
algorithm proposed in [11]. The main difference lies in the 
E-step, in which the posterior probability ( )| np k x is 
calculated based on k k kπ α π= rather than kπ . In the 
subsequent M-step, kα and kπ are updated respectively. The 
formulas for the parameters are almost same as the algorithm 
in [11]. 

For the auxiliary facotors { }kα , noting that compared 

with { }kπ , we do not impose the constraint 
1
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=∑ . 

Therefore, setting the derivatives of L in (14) with respect 
to kα to zero, we obtain 
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(17) is a transcendental equation, which can be solved by 
resorting Lambert W function [19], and if 0kn = , we just 
simply set 0kα = (the value of kα cannot affect the result 
when 0,kn = since 0kπ = ). Since the component annihilation 
is carried out only according to (4), the component with 
lowest weight is not compulsively removed during the 
learning process, which enables the algorithm to fit the data 
with low weight component, as shown in the following 
section  

III. EXPERIMENTS 
In this section, we evaluate the performance of the 

proposed algorithm on synthetic data sets. Moreover, we also 
compare our approach (we refer to it as EEM) with 
Figueiredo-Jain algorithm (FJ-EM) [11], deterministic 
annealing based model selection method (DAMS) [17], 
greedy EM method [13], as well as variational component 
splitting method (VCS) [12]. 

The first synthetic data set consists of 2000 samples from a 
mixture of eight two-dimensional Gaussian component (see 
also [20], [14]), where 

1 [1.5,  0]T=μ 2 [1,  1]T=μ 3 [0,  1.5]T=μ 4 [ 1,  1]T= −μ

5 6 7 8[ 1.5,  0]  [ 1,  1]  [0,  1.5]  [1,  1]T T T T= − = − − = − = −μ μ μ μ
and 

1 5

0.01 0
0 0.1

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
Σ Σ ,   3 7

0.1 0
0 0.01

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
Σ Σ ,  

2 4 6 8

0.1 0
0 0.1

⎡ ⎤
= = = = ⎢ ⎥

⎣ ⎦
Σ Σ Σ Σ  

Fig. 2 demonstrates the true mixtures with different mixing 
coefficients, and the results of EEM. The weights of the 
components 4ߤ and 8ߤ are reduced from 0.125 to 0.04, while 
the other six components have the same weight. It can be 
observed that even when the weights are small, we still need 
Gaussians to fit the components. We repeat the experiments 
100 times for each set of weights of the components, and the 
results of each algorithm are shown in Table 1. It can be seen 
that the EEM can successfully fit the components with small 

Algorithm: Entropy Penalized EM Algorithm 
Input: Data Matrix 1{ ,..., }N=X x x , penalty factor β 
Output: Optimal mixture model: K, ( ) 1 1{ ,..., , ,..., }K Kt π π≡Θ θ θ , and ( ) { }ˆ kt α=α  
Procedure:  

Initialize the parameters of the mixture modelΘ and the accelerating factors { }kα , Knz = Kmax, t = 

0. 
Repeat 

t = t+1 
for k = 1 to Kmax, do 

E-Step: 

( ) ( ) ( )
1

| | |/
K

n k k n k j j n j
j

p k p x p xα π α π
=

= ∑x θ θ  

M-Step: 
Calculate kπ according (4); calculate kα  
if 0kπ >  

ˆ arg max log ( , | )
k

k p=
θ

θ X Z θ  

else 
Knz = Knz -1 

end if 
end for 
Update the parameters of the mixture model ( )tΘ and ( )ˆ tα . Update ( )L t according (14) 

Until ( 1) ( ) ( 1)L t L t L tε− − < − or some other stop criterion is met 
Return the model parameter set: K,Θ  

Fig. 1. The entropy penalized EM algorithm 
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weights, while the FJ-EM fails when the coefficients of 4ߤ 
and 8ߤ are becoming smaller. In addition, when the 
coefficients are smaller, the number of the components 
detected by the algorithm is 9 or 10, rather than 6 or 7. In 
other words, the algorithm cannot interpret the mixtures 
correctly: the small components lead to redundant clusters, 
rather than being merged with other components. In [11], 
such failure case is attributed to premature annihilation. Since 
the weight of a smaller component are prematurely forced to 
zero, while heavier components overlap with each other, the 
algorithm may get trapped in local optima during the learning 
process. On the other hand, this condition can also be 
interpreted that if the number of samples of a Gaussian 
component is too small, the Gaussianity of the component for 
some algorithms is unobvious so that it may need more 
Gaussian components to model the non-Gaussian one. 

DAMS and greedy EM also achieves good result for this 
example. However, due to the annealing and search scheme, 
the execution time of DAMS and greedy EM is much larger 
than other algorithms. The learning strategy of EEM is not to 
eliminate the components compulsively, and therefore it can 
avoid the local optima caused by premature annihilation. 

The second example, as shown in Fig.3, consists of 1000 
samples from four Gaussian components, which is much 
more complicated, since two of the four components share a 
common mean, but have different covariance matrices. 
Besides, the mixing coefficient of one component is small, 
and overlaps with another component. The parameters of the 
mixture are 

1 2 [ 4, 4]T= = − −μ μ  3 [2,  2]T=μ  4 [ 1,  6]T= − −μ  
and 

1

1 0.5
0.5 1
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

Σ   2

6 2
2 6

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

Σ
 

3

2 1
1 2

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

Σ
   

4

0.125 0
0 0.125

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

Σ  

Fig. 4 illustrates the modeling successful rates of different 
methods for the mixtures with different mixing coefficients. 
The weight of the 4ߤ is decreased from 0.12 to 0.05, and the 
other three components have the same weight. We also run 
the experiment 100 times for each set of weights of the 
components. It can be seen that the proposed method obtain 
the best result in term of determining the number of the 
components. As the weight of 4ߤ is becoming smaller, the 
performances of other methods are deteriorated significantly 
while EEM achieves robust results. The EEM takes the 
advantages of MML criterion while circumvent the premature 
annihilation in FJ-EM algorithm so that the local optima 
problem is alleviated. Compared with FJ-EM, since the 
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Fig. 2. The mixture models with different weights and the corresponding results of EEM: (a),(d) for 4ߤ and 8ߤ with the weights of 0.125; (b),(e) for 4ߤ and 8ߤ with the weights of 0.07; (c),(f) for 4ߤ and 8ߤ with the weights of 0.0 
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Fig. 3. The four-(overlapped) component mixture models (a) and 
estimated result of EEM (b) 
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component in EEM is forced to zero automatically rather than 
compulsively, premature annihilation, as well as futile 
operation, can be avoid, so that EEM can model the 
components with small weight.  

Because of the auxiliary factor kα , the mixing coefficients 
are forced to the boundary of the parameter space much faster 
than the learning algorithm based on MML [11] (i.e., need 
less iterations). Fig. 5 illustrates the evolution of the cost 
function of FJ-EM and EEM for the two examples, from 
which it can be observed that the count of iterations of EEM is 
much less than FJ-EM. As top-down methods, EEM, FJ-EM, 
and DAMS are all initialized with 25 components. Due to the 
deterministic annealing scheme, the computational time of 
DAMS is one or two order of magnitude slower than EEM 
and FJ-EM, and it mainly depends on the annealing schedule. 
Although the update of kα needs to resort to solving Lambert 
W function, the execution time of EEM is still faster than 
FJ-EM (roughly 2 to 5 times), especially when the number of 
components of mixture models is large, since the count of 
iterations of EEM is much less than FJ-EM. 

IV. DISCUSSIONS AND CONCLUSIONS 
This paper proposes an entropy penalized learning 

approach for modeling mixtures. The motivation of the 
proposed method is to avoid the compulsive elimination and 
futile operation. Since the components are automatically 
faded out by CEM2 inside EEM, the premature annihilation 
problem caused by compulsive elimination in [11] can be 
circumvented. As a result, the proposed algorithm can fit the 
components with small weight. In addition, compared with 
other top-down algorithms, the amount of iteration and 

execution time of the proposed method are also decreased. 
From Bayesian point of view, the penalty term –βNH(α) 

can be also viewed as an entropic-like prior of the auxiliary 
factor kα , the strength of which is controlled by β: 

( ) ( ) ( )( )exp log 1 log 1k k k k kP α η α α α α∝ − + − −   

( ) ( )11 kk
k k

η αηαα α − −−= −        with η = Nβ            (19) 
The entropic-like priors of the auxiliary factor kα with 

different ηs are shown in Fig.6, from which it can be observed 
that if β is too large, the penalty/prior will be strong enough to 
lead a trivial result (i.e., kα =1/2 ,  1,...,k K∀ = ). On the other 
hand, if β is too small, the penalty will be too weak, and the 
objective function (14) will degenerate to MML criterion. As 
a result, the corresponding learning process will be similar 
with the algorithm proposed in [11] but without compulsive 
annihilation operation. In othr words, both too large and too 
small penalty factors can cause insufficient component 
elimination. We further investigated the selection of penalty 
factor β, and have found that when β ∊ [0.03, 0.1], the EEM 
can achieve desirable result. The best performances are 
achieved as the value of β is chosen around 0.05, which is also 
the value we used in our experiments. It should also be noted 
that contrary to the priors of the mixture coefficients proposed 
in [11], [26], the priors favor fair estimated (i.e., 1/ 2kα =  ) 
instead of annihilation operation. At first glance, this 

TABLE I 
THE NUMBER OF COMPONENTS ESTIMATED BY DIFFERENT METHODS FOR MIXTURES WITH DIFFERENT WEIGHTS 

Methods FJ-EM greedy-EM DAMS VCS EEM 
Weights    

Components 8 9 10 11 8 9 10 8 9 10 8 9 10 8 9 10 
0.125 100    95 5  100   95 4 1 100   
0.1 100    93 6 1 100   94 5 1 100   
0.9 100    95 5  100   94 6  100   
0.8 100    91 7 2 100   89 10 1 100   
0.7 85 14 1  95 5  98 2  84 16  100   
0.6 65 25 9 1 94 6  95 5  86 10 4 100   
0.5 57 30 11 2 92 8  97 3  83 16 1 97 3  
0.4 46 30 16 8 91 9  93 7  82 18  93 6 1 

 

Fig. 4 The successful rates of different methods (the weight of 4ߤ is 
decreased 0.12 to 0.05). 
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Fig. 5. The evolution of the cost functions of FJ-EM ((a), (c)) and EEM 
((b), (d)) for the two examples. The vertical solid lines indicate the 
annihilation of one or more components by the CEM2 algorithm, and the 
vertical dotted the component being eliminated compulsively 
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contradict the principle of top-down model selection 
algorithms, that is, the prior cannot kill the auxiliary factors 
{ }kα . In fact, in the proposed method, our purpose is to 
eliminate { }kπ  rather than { }kα . In the learning process, it 
just because of { }kα  that the components are automatically 
forced to zero instead of compulsive eliminated, and the 
premature annihilation is avoided. 

Even if the experimental results have demonstrated the 
superior performance of the proposed algorithm, the further 
theoretical analysis remains to be clarified, which may also 
provide some guidelines for the choice of penalty factor β. 
We also perform cross validation to evaluate performance of 
the proposed method in term of how well the data are fitted to 
the trained mixture model, and we investigated the failure 
cases of FJ-EM and the proposed method, and  have found 
that FJ-EM tends to omit the component with small weight 
while fit other samples with redundant clusters, which may 
not affect the error rate much. On the other hand, the 
components learned by EEM may be totally inconsistent with 
the true mixtures. This phenomenon was also mentioned in 
[17], which also needs to be thoroughly analyzed. In addition, 
the proposed method should also be further evaluated on the 
real world data set. 
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Fig. 6.  Plot of the entropic-like priors of kα in (19).  
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