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Among various modeling methods for DC-DC converters introduced in the past two decades, the state-space averaging (SSA)
and the circuit averaging (CA) are the most general and popular exhibiting high accuracy. However, their deduction ap-
proaches are not entirely equivalent since they incorporate different averaging processes, thus yielding different small signal
transfer functions even under identical operating conditions. Some research studies claimed that the improved SSA can obtain
the highest accuracy among all the modeling methods, but this paper discovers and clearly verifies that this is not the case. In
this paper, we first review and study these two modeling methods for various DC-DC converters operating in the discontinuous
conduction mode (DCM). We also streamline the general model-deriving processes for DC-DC converters, and test and
compare the accuracy of these two methods under various conditions. Finally, we provide a selection strategy for a high-
accuracy modeling method for different DC-DC converters operating in DCM and verified by simulations, which revealed
necessary and beneficial for designing a more accurate DCM closed-loop controller for DC-DC converters, thus achieving

better stability and transient response.

1. Introduction

A PWM DC-DC converter operates either in the con-
tinuous conduction mode (CCM) or in the discontinuous
conduction mode (DCM). For small inductances or light
loads, DCM operation is occasionally unavoidable in DC-
DC converters, their design being intentionally in DCM to
reduce both the inductor’s size and the switching fre-
quency. Then, it is necessary to develop a modeling
analysis for the DC-DC converter operation in DCM to
design a closed-loop controller. In previous works [1-22],
various small signal modeling methods of PWM DC-DC
converters in CCM and DCM are proposed, where dif-
ferent modeling methods provide either an analytical
equation or an equivalent circuit and can be categorized as

reduced-order or full-order models, as summarized in
Table 1.

Among these small signal modeling methods, the im-
proved state-space averaging (SSA) and the circuit averaging
(CA) are the latest to present, with high accuracy, an ana-
Iytical equation, and an equivalent circuit, respectively. The
improved SSA method [6] claims that it has the highest
accuracy among all the other modeling methods and can be
applied to any circuit composed by inductors and capacitors.
But, this conclusion is only proven and verified in a boost
converter under specific operating conditions [6]. Besides,
this may not hold in other DC-DC converters and under
different operating conditions. Moreover, Zeng et al. [13]
used the CA method from [5] to deduce the small signal
model of a KY converter, but when applying the improved
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TABLE 1: Summary of small signal modeling methods.

Method name

Order Model type

Conventional state-space averaging (SSA) [1]
Converter cell [2]

Full-order SSA [3, 8, 11, 12, 20]

Circuit averaging (CA) [4, 5, 8-10, 13, 14, 17-19, 21, 22]
Improved SSA [6, 7, 15, 16]

Analytical equation
Equivalent circuit
Analytical equation
Equivalent circuit
Analytical equation

Reduced order (low accuracy)
Reduced order (low accuracy)
Full order (high accuracy)
Full order (high accuracy)
Full order (high accuracy)

SSA method to the same case, the CA method yields a better
modeling accuracy under some conditions that are dis-
cussed in this paper. Contradictions met in CA and SSA
methods motivate further analysis and retesting their ac-
curacy in various DC-DC converters under different op-
erating conditions in DCM, in order to derive a selection
criterion that allows higher accuracy in the small signal
modeling method.

Also, the rather complicated (and not general) original
derivation processes of the CA and the improved SSA
methods, in which the whole small signal model derivation
process should be repeated whenever the DC-DC circuit
topology changes, whenever the DC-DC circuit topology
changes, leads to unnecessary and time-consuming efforts.
Then, another motivation for this paper is to generalize the
whole derivation process to attain a general and intuitive
model-deriving solution.

The main contributions of this paper are as follows:

(1) To propose and deduct a general and intuitive
derivation process of the improved SSA and CA
modeling methods for different DC-DC converters,
such that their corresponding DCM small signal
models can be easily determined.

(2) To study, retest, and compare, through simulations,
the accuracy of the improved SSA and CA modeling
methods for various DC-DC converters under
different operating conditions. Since most of the
previous works are either based on the improved
SSA or CA, they lack a detailed comparison among
them.

(3) To propose a selection strategy of the DCM small
signal modeling method in order to obtain high
accuracy for different DC-DC converters under
different operating conditions.

This paper contributes significantly to the design of
a stable and fast transient response DCM closed-loop
controller for different DC-DC converters. Section 2 pres-
ents the DC analysis of different DC-DC converters in DCM.
Section 3 introduces two small signal relationship calcula-
tion methods based on the large-signal equation. Section 4
discusses the general DCM large-signal and small signal
modeling deduction based on the improved SSA method
applied to different DC-DC converters. Then, Section 5
determines the general DCM large-signal and small signal
modeling deduction based on the CA method. Section 6
compares the simulation results of the small signal modeling
obtained through the improved SSA and the CA methods.
Section 7 presents a selection strategy of the DCM small

signal modeling for different DC-DC converters. Finally, the
conclusions are drawn in Section 8.

2. DC Analysis of DC-DC Converters in DCM

In the discussion hereafter, if we use the capital letter X to
denote the averaged value of a specific variable in one
switching frequency (DC value), then the lowercase letter
x denotes its large-signal value and X denotes its small
signal value. The relationship between these three variables
is [10]

x=X+Xx (1)

2.1. DCM Operation. The DCM operation of the DC-DC
converters consists of three intervals. Here, we use Dy, D,,
and Djs to denote the duty ratio of each interval, respectively,
and T, denotes the switching period. Figure 1 shows the
inductor current, iy, waveform of the DC-DC converters
operating in DCM [10].

For a typical DC-DC converter, i starts to rise during
the charging of the inductor L and begins to drop while the L
is discharging. In this paper, we use V, (charging) and V
(discharging) to denote the voltage across the L in the first
and the second intervals, respectively. From Figure 1, we can
obtain

Von
ka = L DlTs’ (2)

where I, denotes the peak value of inductor current i, D,
denotes the duty ratio of charging interval, and T denotes
the switching period. From Figure 1, the relationship be-
tween the peak value (I, ) and average value (I;) of the
inductor current can be expressed as

1
Sk (D, +D,)T, = I, T,, (3)

where I; denotes the average value of the inductor current i,
while T; and D, denotes the duty ratio of the discharging
interval. From Figure 1,

v —Vot
i’“DlTS == D,T, = I . (4)
Equation (4) yields the following
D, = VonD (5)
2 Voff v

where V, (charging) and V g (discharging) denote the
voltage across the L in the first and the second intervals,
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Figure 1: Inductor current of DC-DC converters operating in
DCM.

respectively. Considering (2), (3), and (5), I; can be
expressed as
— D%Tsvon (Voff _Von)

6
L 2LV 4 ©)

2.2. DC Parameters Calculation for Different DC-DC Con-
verters in DCM. Before we derive the small signal model,
some DC parameters of the circuit operating in DCM need
to be calculated beforehand. Figure 2 shows the four DC-DC
converters that will be studied throughout this paper; they
are the buck converter, the boost converter, the buck-boost
converter, and the KY converter [23], where v,/i; and v /i,
represent the input and output voltage/current of the
converter, respectively, and L represents the inductor, D the
diode, S the switch, C the output capacitor, R the loading, C¢
the flying capacitor, i, the inductor current, ip the diode
current, and ig the switch current. As the equivalent series
resistance (ESR) for the passive components are usually
small due to high Q design, which are neglected in this paper
for simplification. Thus, the left-hand plane zero caused by
the ESR of the output capacitor C will not present in the
small signal transfer functions for different DC-DC
converters.

For calculating the necessary DC parameters of different
DC-DC converters, we can just input different V,, and Vg
into (5) and (6). For the buck converter, V., = V; — V, and
Vog = —V,; for the boost converter, V,,, = Viand Vog=V; —
V,; for the buck-boost converter, V., = V; and Vg = -V,
and for the KY converter, V,, = 2V; =V, and Vg=V; - V..
On the other hand, using M =V /V; to denote the voltage
gain, then D, and I; can be calculated via (5) and (6), as
summarized in Table 2.

For the DC relationship between D, and M, according to
[4], the DC relationships among the inductor current i, the
switch current ig, and the diode current i, are

3
=D g (7)
"D, +D, ¥
I =—22 (8)
" p+D, "

For different DC-DC converters’ configurations as in
Figure 2, the output current I, = I for the buck and the
KY converters and I, = Ip for the boost and the buck-
boost converters. With the D, and I} in Table 2 and the
help of (7) and (8), the relationship between D,
(expressed as DiT R/2L) and M can be calculated as
presented in Table 2. These parameters are essential for
the small-signal transfer function calculation as shown in
Sections 4 and 5.

3. Calculation of the Small-Signal
Relationship with the Proposed
Differentiation Method

If fis a large-signal function of some variables x, y, and z, to
attain the small-signal model of these variables, we can
express them as the sums of DC and small signal compo-
nents [10],

f=F+f, (9)
x=X+%, (10)
y=Y+7, (11)
z=Z+Z (12)

By neglecting the DC terms and the high-order small
signal terms, we can realize the linear approximation.
During the small signal calculation, the following approx-
imation can be used:

1

—=1-X. (13)
1+x

For example, the large-signal inductor current of the
buck converter given by Kazimierczuk [10] is shown in (14),
which can also be given by referring to the expression of I in
Table 2 and replacing all DC quantities with large-signal
quantities. The basis for this replacement is that large-signal
analysis is based on DC relationship of circuit variables
[10, 15, 19, 21]:

. dfTsvi(l -m)

i (14)
2Lm

where m denotes the large-signal voltage gain and v; denotes
the small signal input voltage. Expressing the variables as the
sums of DC and AC components as (9)-(12) do yield (15),
after cancelling the DC components, the small signal ex-
pression of the inductor current 7; will become (16):
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FI1GURE 2: Circuit configuration of (a) buck, (b) boost, (c) buck-boost, and (d) KY converters.

TaBLE 2: DC parameters for

different DC-DC converters.

DC-DC converter D, I (D3T,R)/ (2L)
Buck ((1-M)/M)D, (DITV;(1-M))/ (2LM) (M?/(1-M))
Boost (1/(M-1))D, (DT, V,M)/ (2L(M — 1)) M2-M
Buck-boost (1/M)D, (D*TV,(1+ M)/ (2LM) M?

KY ((2- M)/ (M -1))D, DTV, (2~ M)/2L(M —1) (M(M-1))/(2-M)

(Dy+d,) T (Vi +9) (1 - M - )

Lo+i = 2L(M + )
(15)
T,(D} +2D,d, ) (V; + %) (1 - M - ) (1 - (/M)
= 2LM ’
. T,[2D,V,(1-M)d, + D}(1- M)y, - D}V,in— DV, (1 - M) (/M)
L= 2LM (16)
D,TV,(1-M)~ DT,(1-M)_ DTV, _
- M ! LM 2LM?

However, the above deduction process is quite com-
plicated and time-consuming. To simplify the analysis, we
can utilize the calculation of the small signal perturbation as
shown in Figure 3.

With a small variation of X, the corresponding varia-
tion of f is also very small such that the value f/X is equal to
the derivative of f to x, thus yielding

f=rx+fp+fz
Following (17) and taking the derivative of (14) with
respect to each variable, we can easily get
~ _D/TV(1 —M)a . DiT,(1-M)_ DTV, _
LT IM ! 2LM 1 2LM?

(17)

(18)

where the results in (16) and (18) are equivalent. In the
following section, we will use the proposed differentiation
method (17) to calculate the small signal relationship.

4. Improved State-Space Averaging Method for
Large-Signal and Small Signal
Modeling Deduction

In this section, the approach for deducing the DCM small
signal models for different DC-DC converters by using the
improved SSA method will be discussed.

4.1. General Large-Signal and Corresponding Small Signal
Modeling Using the SSA Method. According to the conclu-
sion from [10], the large-signal value relationship and the
DC value relationship are identical. Then, (2) and (3) lead to
the following large-signal duty ratio d,:
2L
2 Vonles

—-d,. (19)

By applying the SSA to the inductor voltage and using
(19), we get
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FIGURE 3: Small signal perturbation.

di
Ld_; = Vondl + Voffdz = (Von - Voff)dl +

2V Liy,
Vondl Ts'

(20)

Taking the derivative of (20) with respect to v, Vo> d,,
and i}, which are variables in (20), and using (6), we will have
the corresponding small signal model given by

dii, (2V,, -V 1%
L—=—2—"D, |y, +|-=2D, |v
dt ( Vv 1 on Voff 1 off

on

Voff B VonD ’l‘
IL 1 J°L-

Then, using the SSA to the capacitor current yields

+2 (Von - Voff)al + (

duc _ . tc

C :
dt l"R

(22)

If i, = i1, and taking the derivative of (22), the corre-
sponding small signal model becomes

_7 Y 23
e (23)
If i, = ip, then (8), (19), and (22) lead to
2
Cdﬁ =i — diTVon _ M_C (24)
dt 2L R

Finally, taking the derivative of (24), we obtain the
corresponding small signal model as follows:

D, T,V DIT,_ i

— v
L 2L " R

dt (29)

C

= ?L - = 31 - >
where (21), (23), and (25) are the three general equations for
deducing the DCM small signal models of different DC-DC

converters. Then, after input, the values of the inductor

2V,

voltage drops during the charging (V,,) and discharging
(Vog) cycles, as well as the DC parameters of each DC-DC
converter from Table 2, into (21), (23), and (25), and the
corresponding DCM small signal models can be deduced
easily, as detailed next.

4.2. Buck Converter Small Signal Transfer Function. For the
buck converter, Vy, = V; — V,, Vog = =V, and i, = if.
Besides, Table 2 gives I} = (DiT,V,(1-M))/(2LM) and
(D*T(R)/(2L) = (M?)/ (1 — M), and substituting them into
(21) and (23), gives

dii, (2vV,-V .
d_tL:<Vi—VOOD1>(Vi_v°)
(26)
Vi-Voo ) 5 in T
- 1 |V, +2Vid, ——Dyip,
Vo IL
diuc. -~ TU¢
== —— 27
d " R (27)

Let %, = 0, then (26) becomes

a—2M N1 p5oiova (28)
DT,(1-M))" M2-M '° o
Further, if u, = v,, then (27) will be
. =
<sC + E)VO =iy (29)

Considering (28) and (29) simultaneously, the transfer
function (V, over d,) of the buck converter can be obtained
as

1

() _
d,(s) $LC+s((L/R) +((2LCM)/ (D, T(1-M)))) + (((2— M)D,)/ (1 - M)M))

(30)



4.3. Boost Converter Small Signal Transfer Function. For the
boost converter, V,, = Vi, Vog = Vi — Vo, and i, = ip, and
Table 2 gives I; = (D*T,V,;M)/(2L(M —1)) and (D3T,R)/
(2L) = M? — M; by substituting them into (21) and (25), it
leads to

diy, (Vi+V, ). v, S
Ld_th( IVi 0D1>Vi_(v. _IVODI)(Vi_VO)
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Let ¥; = 0, then (31) will be

2L(M-1)\» 1 -
<sL+ DT, )zL = 1—MD1V° +2V d,, (33)

and if u. = v, and ¥, = 0, then we can obtain the following
equation from (32):

1 D,TV.~ .
! (31) (sC + E)?O + ILSV‘d1 = 1. (34)
~ Vy -
+2V,d, _KDIIL’ Also considering (33) and (34) simultaneously, in this
case, the transfer function of the boost converter will become
o~ 2 —~
dic_; DTV Dl e (32)
dt L 2L R
’1;0 (S) — DlTsVi (((2)/ (DITS)) — S) (35)
d,(s) $*LC+s((L/R) +((2LC(M -1))/ (D,Ty))) +((2M = 1)D,)/ (M (M - 1))

4.4. Buck-Boost Converter Small Signal Transfer Function.
For the boost converter, V,, = Vi, Vog=—V,, and i, = ip, and
from Table 2, I, = (D}T,V,(1+M))/(2LM) and
(DT R)/(2L) = M?. Then, by substituting them into (21)
and (25), we have

di, (2v,+V v,
s (gpl )vi - D17,

(36)
~ V.+V ~
2(Vi+V,)d, _MDliL’
I
dig _; DilVig Dily, Be (37)
dt L 2L R
With ¥; = 0, then (36) will lead to
2LM - 1 ~
(SL+1)1’I‘S>1L = _MDlvo +2(Vi+V0)d1, (38)

and again if u. = v, and ¥, = 0, (37) yields
1 D, T
(sc+ g )7+ DiIVig - (39)
R L

Finally, considering (38) and (39) simultaneously, again
the transfer function of the buck-boost converter will be
(s) _ DTV, ((2/(D,Ty)) - s)
(s) $2LC + s((L/R) + (2LCM)/ (D,T,))) +

A
d,
(40)

((2Dy)iMm)

4.5. KY Converter Small Signal Transfer Function. For the KY
converter, Vo, = 2V; — Vo, Vog = Vi — Vo, and i, = i, and
from Table 2, I} = (D*T\V;(2-M))/(2L(M -1)) and
(DIT,R)/(2L) = (M (M —1))/(2—M). Then, substituting
them into (21) and (23) will lead to

diy, 3V,-V,
—L D, (2
at = av, —y D (2T
(41)
V-V, v,
Vo VDI( -7,)+2Vid, - DzL,
diic -~ T
e _5 _Uc, 42
d " R (42)

Let ¥, = 0, then (41) becomes

D7, +2Vid,.

L 2L e 1
DT, e-M))t T (G-M) (- M)
(43)

Then with uc = vo, (42) gives

(sc+ %)% -3 (44)

Again with (43) and (44) considered simultaneously,
the transfer function of the KY converter can be obtained
as

2V,

S - (45)

s) T RIC+ s((L/R) + RLC(M - 1))/ (D, T,(2-M)))) +((M? - 4M + 2)D,)/((2- M) (1 - M)M))
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5. Circuit Averaging Method for Large-Signal
and Small Signal Modeling Deduction

In this section, the approach for deducing the DCM small
signal models for different DC-DC converters by using the
CA method will be discussed.

5.1. General Large-Signal and Corresponding Small Signal
Modeling Using the CA Method. With the help of Reference
[10], according to (7) and (8), the switching network of the
DC-DC converter can be transformed into the circuit as
shown in Figure 4.

When the circuit reaches the steady-state, the average
voltage across the inductor is zero, then Figure 4 imposes,

Vim=0. (46)
From Figure 4, we can obtain
Vis=Vim + Vs = Vs, (47)
Vio = Vi + Vo = Vb (48)
By using (5)-(8), they yield the following large-signal

equations (considering identical the large-signal value and
the DC value relationships):

2
ig = lesvon, (49)
2L
2
i = d Tsvon (50)
2LV0ff

Taking the derivative of (49) and (50), the corresponding
small signal equations will emerge as follows:

~ DTV~ a4 DiT,_
g = >
S = L 2L Yon
D, TV: 5 DTV, DTV ey
T ond _ 71" s’ ony onz;
Ip = on Vo>
LVoff LVoff 2LV0ff

and from (47) and (48), Vo, = Vis = Vs and Vog= Vip =
Vup- Then, the small signal circuit of the switching network
in Figure 4 can be transformed into Figure 5, where

k —_ D1T5V0n
S 7L >
DIT,

gs = oL’

P T V2

D —LVO > (52)
g — DZTSVOH

b LV
g _DZTsvgn

M™oaLve,

From Figure 5, we can write

—
= IL
D, D, + D2
Iy= ———
D; + D2

FIGURE 4: Equivalent circuit of the sw1tch1ng network (current
source).

FIGURE 5: Small signal equivalent circuit of the switching network.

?L = (ks + kD)al +(gs + 9p)Vmis + ImVMp>
= (ks + kD)Ell +(gs + 9 + 9m)Vms + ImVsp-

Then, with kq; = ks + kp and gyg = gs + gp + gu»> We can
obtain the factors kg, kp, ka1, gs» gp> gm» and gy of the four
DC-DC converters (buck, boost, buck-boost, and KY) as
shown in Table 3.

With these factors, we can substantially simplify the
calculation process, as shown next. Further, we can deduce
that

(53)

Ve = sLip, (54)

Vms = Vis — Vim- (55)

Then (53) can be rewritten as

(L+1)A kd+ +9u (56)
sL+— )iy = —+d, + Vg + —Vgp,
gus) " Gus B s
and considering the capacitor, its current becomes
C—=i —— 57
= (57)
If i, = ir, (57) will become
duc - Uc
< _3 _~< 58
il - (58)

Then, with u. = v,, we have
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TaBLE 3: Relevant factors of the circuit averaging (CA) method.

DC-DC converter Buck Boost Buck-boost KY
ks (2M?V,)/ (D,R) (2M (M - 1)V,)/ (D,R) (2M?V,)/ (D, R) (2M (M - 1)V,)/ (D,R)
kp (@M (1-M)V)/(DR)) (2MV;)/(D;R) (2MV;)/(DR) @M (2-M)V,)/(DR)
ka (2MV )/ (DR) (2M*V,)/(D,R) (M (M + 1)V;)/ (DyR) (2MV )/ (D1R)
Js (M?)/((1-M)R) (M?*-M)/(R) M?/R (M (M -1))/((2-M)R)
b (2M)/R (2M)/R (2M)/R (2M)/R
Im (1-M)/R M/((M -1)R) 1/R (M2-M))/((M-1)R)
Ius 1/((1-M)R) M?/((M -1)R) ((M +1)*)/R MI(2-M)(M-1))
~ 1\ ~ 2M(1-M)V.~
ip = (SC + E)V‘)’ (59) (sL+(1-M)R)i; = Mdl ~ s (62)
1
and with i, = ip, (57) yields ~ 1
di. - g 7 = <5C ‘ —)90. (63)
Cd_tc = kpd, + gpVus + IvVmp _fc- (60) R
. . . And from (62) and (63) simultaneously, the transfer
Finally, with (54)-(56), uc = v,, (60) can be rewritten as  function of the buck converter can be obtained as
7 = 9Ims SC+1 7 ,1;0(5) M(l—M)((ZVi)/Dl)
L + r)e _ = ) (64)
9o t 9m (61) d, (s) S2LC+s((L/IR)+RC(1-M)) +2-M
kp - gus \5 Iu " 9wss |
[k _DMS)d +< _MMS)V ,
( a go+9u) I 9p T 9m P

Here, (56), (59), and (61) are the 3 general equations to
deduce the DCM small signal models for the different DC-
DC converters. By just input, the voltage drops Vs and Vgp
from Figure 5, plus the factors (Table 3) and the DC pa-
rameters (Table 2) into (56), (59) and (61), and the corre-
sponding DCM small signal transfer functions can be
calculated easily in the following.

5.2. Buck Converter Small Signal Transfer Function. For the
buck converter, from Figure 5, Vs = V; - V,,, Vsp = -V;, and
i, = i, and from Table 2, I| = (DfTSVi(l - M))/ (2LM)
and (DZTSR)/ (2L) = M?/(1 = M). Then, with v, =0, (56)
and (59) lead to

5.3. Boost Converter Small Signal Transfer Function. For the
boost converter, from Figure 5, V15 = Vi, Vsp = =V, i, = ip,
and from Table 2, I, = (D*T,V;M)/(2L(M -1)) and
(DT R)/(2L) = M? — M. Then, with ¥ = 0, (56) and (61)
imply,

(SL . (M 31)R)? _ 2(M l)Vi;l 1

LT DM et
(65)
~ M? 2M -1\ _
ip = (sC + )vo
2M -1 MR (66)
2(M-1)M*V

+——d,.
(2M-1)D,R !

Again, from (65) and (66) simultaneously, the transfer
function of the boost converter will become,

o (s) _ (DT V)IM) (((2(M - 1)/ (D*TM)) - s) 67)
d,(s) $*LC+s(((L(2M - 1))/ (RM)) + (RC(M - 1))/ (M?))) + ((2M - 1)/M?)

5.4. Buck-Boost Converter Small Signal Transfer Function. L (M +1)? IM2+2M + 1

For the buck-boost converter, from Figure 5, Vis=V;, Vsp = ip = Ml (S + 72)]

—(V; +V,), and i, = ip, and from Table 2, I; = (D*T,V;(1 + + (M +1)°R (69)

M))/(2LM) and (DT R)/(2L) = M?. Then, with ¥, = 0,
(56) and (61) impose

L. RO\ vy - L o s
S L = - Vs
M+1)*)" DM+1)" (M+1)>°

. 2(M? + M)V,
(2M+1)D,R "

Similarly, with (68) and (69) considered simultaneously,
the transfer function of the buck-boost converter will be
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Vo (s) (DT V) (M + D) (((2M)/ (D*T (M + 1)) —s)
3 - 2 2 2\Y (70)
dy(s) SLC+s(((L2M2 +2M + 1)/(R(M +1)*)) +((RC)/((M +1)*))) +(2/((M +1)*))

6.5. KY Converter Small Signal Transfer Function. For the KY - 1\_

converter, from Figure 5, V15 =2V, - V,,, Vsp = —V;, and i, = ip = (sC + E)V"' (72)

i, and from Table 2, I; = (D?T,V,(2—-M))/(2L(M - 1))
and (DiT,R)/(2L) = (M(M -1))/((2—-M)). Then, with
7, =0, (56) and (59) entail

(sL+ (2—M)(M—1)R)7 -

_22-M)(M- 1)Vi;l1

Finally, from (71) and (72) simultaneously, the transfer
function of the KY converter will become

M L D,
(71)
Vo(s) (2-M)(M-1)((2v;)/Dy) (73)
d,(s) SLC+s((L/R)+((RC(2—M) (M —1))/M)) +((2— M) (M —1) + M)/M)

6. Simulation Results

We simulated the four DC-DC converters within a Cadence
environment of a 65 nm CMOS process and also MATLAB
to verify and compare the accuracy of the small signal
transfer functions (30), (35), (40), (45), (64), (67), (70), and
(73) deduced by the improved SSA and CA methods.

6.1. Buck Converter. The relevant parameters of the buck
converter (Figure 2) are V;= 1.2V, f, = 100 MHz, C = 10 nF,
L =36nH, and R =40 Q. The Bode plot comparison between
the transfer functions with the SSA and the CA methods
((30) and (64)), and the simulated circuit power stage (PS), is
shown in Figure 6, for d; = 0.3, 0.5, and 0.7.

From Figure 6, we can conclude that in the buck con-
verter, the CA method provides higher accuracy than the
SSA method in any duty ratio range d;, with clearer em-
phasis at larger d; values.

6.2. Boost Converter. The relevant parameters of the boost
converter (Figure 2) are V; = 1.2V, f, = 100 MHz, C = 10 nF,
L = 13.5 nH, and R = 60Q. The Bode plot comparison
between the transfer functions with the SSA and the CA
methods ((35) and (67)), and the simulated circuit PS, is
shown in Figure 7, for d; = 0.3, 0.5, and 0.7.

From Figure 7, we can conclude that in the boost
converter with a small duty ratio value (d; = 0.3), the SSA
method contains slightly better accuracy than the CA
method. But, as the d; increases, the accuracy of the CA
method will improve over the SSA method, again being
more evident for larger d, values.

6.3. Buck-Boost Converter. The relevant parameters of the
buck-boost converter (Figure 2) are V; = 1.2V, f, = 100 MHz,
C = 40nF, L = 15nH, and R = 150Q. The Bode plot
comparison between the transfer functions with the SSA and

the CA methods ((40) and (70)), and the simulated circuit
PS, is shown in Figure 8, for d; = 0.3, 0.5, and 0.7.

From Figure 8, the analysis of the simulation results of
the boost converter is similar to those of the buck-boost
converter, leading exactly to the same conclusions.

6.4. KY Converter. Finally, for the KY converter (Figure 2),
Vi=12V, f,=100MHz, C = 10nF, C= 10nF, L = 3.6nH,
and R = 60 (), and the Bode plot comparison between the
transfer functions with the SSA and the CA methods ((45)
and (73)), and the simulated circuit PS, is shown in Figure 9,
for d, = 0.3, 0.5, and 0.7.

From Figure 9, the analysis of the simulation results of
the KY converter are similar to those of the buck converter,
leading exactly to the same conclusions.

7. High-Accuracy Modeling Method for
Different DC-DC Converters in
DCM—Selection Strategy

7.1. Derivation. By using the methods presented in [3] and
[6], the approximate poles and zeros for different DC-DC
converters in DCM with the SSA and CA methods can be
calculated and summarized in Table 4. The previous Bode
plot simulation results clearly demonstrate that the phase-
frequency responses of the DC-DC converters power stages
generally show a larger phase lag than the small signal
models given by both the SSA and CA methods. Based on
this, if the modeling method presents a smaller value of the
second pole or zero (leading to a larger phase lag), it will
exhibit a better accuracy of the system phase-frequency
response. From Table 4, we propose a selection strategy of
high-accuracy small signal modeling method for the DC-DC
converters as in Table 5.

7.2. Verification. For verification of the proposed selection
strategy, we simulated a buck converter and a boost
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FIGURE 6: Small signal models comparison of the buck converter with SSA and CA methods: (a) d; = 0.3; (b) d; = 0.5; and (c) d; = 0.7.
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FIGURE 7: Small signal models comparison of the boost converter with SSA and CA methods: (a) d; = 0.3; (b) d; = 0.5; and (c) d,
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F1GURE 8: Small signal models comparison of the buck-boost converter with SSA and CA methods: (a) d; = 0.3; (b) d; = 0.5; and (c) d, = 0.7.
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FIGURE 9: Small signal models comparison of the KY converter with SSA and CA methods: (a) d; = 0.3; (b) d; = 0.5; and (¢) d; = 0.7.

converter with the Cadence Spectre simulator to demon-
strate that the converter operates with higher stability with
a more accurate small signal modeling method used in the

compensator design. The simulated results of the system
phase-frequency response and the closed-loop controlled
converters’ load transient response are presented in
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TaBLE 4: Approximate poles and zeros for various DC-DC converters in DCM.

Name Method First pole Second pole Zero
Buck SSA (2= M)/(RC(1-M)) (2M)/(d, T, (1 - M))
CA (2—=M)/(RC(1-M)) (2M?)/(d>T,)
Boost SSA (2M -1)/(RC(M - 1)) (2(M-1)/(d,T,) AT
CA (2M - 1)/ (RC(M - 1)) (M -1)/M)*)/(d2T,) (2((M - 1)/M))/ (d>T,)
SSA 2/(RC 2M)/(d,T 2/(d,T
Buck-boost oy 5 E RCi 2( ) (]\/I) ! ﬁ)zs/)dfTS 2(M/ (1\(4 s ls)))/dfTs
Ky SSA (M?—4M +2)/ (RC(M? - 3M +2)) (2(M -1))/(d, T, (2~ M))
CA (M? —4M +2)/ (RC(M? - 3M +2)) (2 (M- 13/ (d3T,)

TaBLE 5: Selection strategy between SSA and CA for high-accuracy small signal modeling.

Name Criterion Modeling selection
Buck (2M/(d,T,(1-M))) < (2M?)/(d*T.)) SSA
(2M/(d,T,(1 - M))) > (2M?)/ (d{T,)) CA

min (((2(M -1))/

Boost (T, 21y T,) < (2((M = 1/MP (&) oA
min (((2(M - 1))/ (d,T,)), (2/d,T,))> CA
(2((M - 1)/M)*/ (d3T,))

min (((2M)/ o SSA

Buck-boost (diT), (2/dyT))) < (2(M/ (M +1))*/ (diTy))
min (((2M)/ CA

(d,Ty)), (2/d,T,))> 2(M/(M + 1))’/ (d>T))
Ky (2(M = 1)/ (d, T (2= M)) < (2(M = 1))/ (4 T,) SSA
2(M-1))/(d, T, (2= M) > (2(M - 1)*)/(d]T,)) CA
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FiGure 10: Simulation verification with the buck converter (V; = 1.2V, f, = 100MHz, C = 10nF, L = 40nH, and R =40Q): (a) d, = 0.2,
(2M/ (d, T, (1 - M))) < (2M?)/(d*T,)); and (b) d, = 0.5, (2M/(d, T (1 - M))) > (2M?)/ (d*T,)).
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FI1GURE 11: Simulation verification with the boost converter (V; = 1.2V, f; = 100 MHz, C = 20nF, L = 2nH, and R = 15Q): (a) d, = 0.2,
min (((2(M -1))/(d,Ty)), (2/d,T,)) < (2((M - 1)/M)2/(dfTS)); and (b) d; = 0.5, min(((2(M -1))/(d,T,)), (2/d,T,))> (2((M - 1)/M)?/
(diT))).
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Figures 10-13. These figures confirm the correctness of the
proposed selection strategy in Table 5.

Figure 12 presents the simulated output voltage V, and
load current i, of the designed closed-loop controlled buck
converter during a load transient, applying a Type II
compensator. As indicated in Table 5, the CA method is
more accurate with the condition ((2M)/(d,T,(1-M)))>
(2M?)/(diTy)), and the simulated result (Figure 12)
also confirms that the closed-loop controller designed with

the CA method exhibits better stability and transient re-
sponse than the SSA method, even though both cases have
the same phase margin (PM) of 45°. On the other hand,
Figure 13 shows the simulated V, and the i, of the closed-
loop controlled boost converter during a load transient,
applying also a Type II compensator. In this case, as in-
dicated in Table 5, the SSA modeling method is more
accurate with the condition (min((2(M -1))/(d,T)), (2/
d,T,)) < (2((M -1)/M)*)/ (d3T,)) and the simulated result
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(Figure 13) also confirms that the closed-loop controller
designed with SSA method obtain a better stability and
transient response. When there is a sudden change of the i,
the boost converter with the SSA method responds faster
than that with the CA method.

Unlike the conclusion made in [6], this paper shows that,
in some cases, the CA method exhibits better accuracy than
the SSA method. Figures 12 and 13 confirm that an accurate
modeling method is critical to design the appropriate closed-
loop controller of the DC-DC converter, demonstrating that
the selection strategy given in Table 5 is essential and
necessary in the design. The general and streamlined small
signal deduction process for both modeling methods can be
further applied conveniently to similar DC-DC converter
topologies.

8. Conclusions

This paper presented the review, study, DCM small signal
modeling deduction and simulation verification by using the
improved SSA and CA methods for four DC-DC converters.
This paper first proposed a general and intuitive deriving
process for the improved SSA and CA modeling methods,
such that the corresponding DCM small signal models for
DC-DC converters can be easily determined. Then, this
paper discovers that the CA can obtain higher accuracy than
the improved SSA at some operating conditions, as some
research studies claimed that the improved SSA can obtain
the highest accuracy among all the modeling methods. Fi-
nally, this paper provided a selection strategy for a high-
accuracy modeling method for various DC-DC converters
operating in DCM, verified by simulations, which is nec-
essary and beneficial in the design of a more accurate DCM
closed-loop controller for DC-DC converters, achieving
better stability and transient response.
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